Abstract. We consider the action of Hecke operators on weakly holomorphic modular forms and a Hecke-equivariant duality between the spaces of holomorphic and weakly holomorphic cusp forms. As an application, we obtain congruences modulo supersingular primes, which connect Hecke eigenvalues and certain singular moduli.
Introduction
Let M k and S k be the C-linear spaces of holomorphic modular and cusp forms correspondingly of weight k with respect to the full modular group SL 2 (Z). Denote by M k the C-linear space of modular forms of weight k which are holomorphic in the interior of the upper half-plane, and may have a pole at the cusp. We refer to the elements of M k as weakly holomorphic modular forms. Any such form f ∈ M k has a q-expansion
n≥−h a n q n , q = exp(2πiz) with (z) > 0.
We say that f is a cusp form if its q-expansion has no constant term, a(0) = 0, and denote the C-linear space of cusp forms of weight k by S k . For a (holomorphic) modular form f of even positive integral weight k, one can consider Eichler integrals of two types:
The transformation laws of both functions E f (z) and F f (z) define Eichler cohomology classes, and the corresponding maps from the space S k to the parabolic Eichler-Shimura cohomology are Hecke-equivariant (see, e.g., [6, Chapter 6] ). In a recent paper [3, Theorem 1.1(2)], Bringmann and Ono prove, in particular, that there exists a function G which is holomorphic on the complex upper half-plane and transforms like F f (z) under the action of SL 2 (Z) of weight 2 − k. Note that a much more general result, which holds true also for congruence subgroups and half-integral weights, is actually proved in loc. cit. The authors remark that this result is typical in the classical framework of Eichler cohomology. Recently, a close connection between the holomorphic function G and a Ramanujan mock theta-function was discovered in [4] . The case k = 3/2 and a certain congruence subgroup is considered in loc. cit., and striking applications are obtained. These achievements stimulate interest in other cases. In this paper we consider the case of even integral weight k and full modular group SL 2 (Z).
Bol's identity [2] implies that the (k−1)-th derivative of the holomorphic function G must be a weakly holomorphic cusp form of weight k. The classical Eichler integral E f (z) has a similar property: E (k−1) f = f . This allows us to define (an analog of) E f (z) for a weakly holomorphic cusp form f as a (k −1)-th antiderivative of f (the definition with an integral makes no sense since the integral diverges), and to obtain a Hecke-equivariant duality between the space S k and (a factor-space of)
In this paper we consider a duality of this type from an elementary point of view, and obtain congruences which connect Hecke eigenvalues with certain singular moduli as an application. We formulate and discuss the results in Section 2, and provide the proofs in Section 3 of the paper.
Statement and discussion of results
The Hecke operators T p with prime indices p acting on S k are defined in the usual way (cf. [8, Chapter II] ). The same argument as in [8, Chapter II, Theorem
Note that S k may be non-empty for negative k, and is of infinite dimension if it is non-empty. Denote by D the differential operator
Assume that k > 2, and is even. Although in general D destroys modularity, Bol's identity implies that
also a linear subspace of S k , and the two subspaces D k−1 ( M −k+2 ) and S k have a zero intersection since there are no holomorphic modular forms of negative weight 2 − k.
Denote by S k the quotient
A straightforward calculation which uses (2) proves the following commutation relation between Hecke operators and D k−1 :
for every g ∈ M −k+2 . This commutation relation along with the fact that Hecke operators act on S k implies that if f ∈ S k is a representative of f ∈ S k , then, for any prime p, the class in S k represented by T p f ∈ S k depends only on the class f , and does not depend on the choice of the representative f . This observation allows us to define the action of Hecke operators on the quotient space S k . Let f ∈ S k with a q-expansion (1) be a representative of f ∈ S k and let g =
The product { f, g} does not depend on the choice of the representative f . This is a part of the following result. 
The space S k admits a basis which consists of common eigenforms of Hecke operators; the eigenvalues are the same as for S k .
As an application of this result, we derive some congruences which connect eigenvalues of Hecke operators acting on the space of cusp forms S k and certain singular moduli. In order to state the results, we introduce notation pertaining to the latter. We refer to [10, 5] for a detailed discussion. Let
denote the usual elliptic modular function (absolute invariant). For every positive integer m let j m be the unique modular function which is holomorphic on the upper half-plane and has a q-expansion of the form
For a positive even integer k ≥ 12, let t = dim S k , and let f n = m>0 λ n,m q m with n = 1, . . . , t be the basis of the space S k which consists of Hecke eigenforms f n normalized by the condition λ n,1 = 1. Then T m f n = λ n,m f n , and the t × t matrix
is invertible. Recall that the field K = Q(λ n,m , n = 1, . . . , t; m = 1, . . .) is an algebraic number field, and denote by R its ring of integers. Let l > 3 be a prime. Let µ m,n with m, n = 1, . . . , t be the t × t matrix inverse to Λ. We renormalized this matrix, µ * ,n = M n µ * ,n , multiplying its raws by appropriate factors such that all µ m,n belong to R, and for any n there exists m such that µ m,n is not divisible by l in R. For algebraic integers, µ m,n in particular, we denote by the same letters their images in R/lR. Moreover, for a rational integer γ such that ord l (γ) ≥ 0, the same letter γ stands for the image of γ in Z/lZ ⊂ R/lR.
We also need the Bernoulli numbers B r and the arithmetic function σ r−1 (m) = d|m d r−1 , which are involved into the q-expansion coefficients of normalized Eisenstein series E r of even weight r. More specifically, we put
Recall that E r ∈ M r for either r = 0, or r ≥ 4, even. We do not need any kind of E 2 here, and M 0 = C.
Theorem 2.
Let p > t = dim S k be a prime, and let n ≤ t be a positive integer. Assume that the prime l > max(3, t) satisfies
be the supersingular polynomial at l. The congruence
Remark 1. The condition p > t is technical; similar but less transparent congruences may be obtained when p ≤ t.
Remark 2. We have to check that the left-hand side of (8) belongs to R/lR. Since l > t, this is clear if B k /(2k) is invertible modulo l. The latter fact follows from the Kummer congruences. Indeed, condition (7) implies
As an illustration of this result, we consider the simplest case when k ∈ {12, 16, 18, 20, 22, 26} which implies t = dim S k = 1. Denote by
n the unique cusp form g k ∈ S k normalized by the condition τ k (1) = 1. In particular, τ 12 (n) is the Ramanujan τ -function, and
Since τ k (n) ∈ Z for every n, we have K = Q, and R = Z. The congruences (8) reduce to
Condition (7) for the weights k under consideration implies l ≤ 19. The supersingular polynomials s l for these primes are easily available (see, cf. [9, p. 37]). Let
Then j(i) = 1728, j(ω) = 0, j(ξ) = −3375. We now plug in the values of τ = i, ω or ξ so that s l ≡ 0 mod l, and summarize the congruences implied by (9) explicitly for every 3 < l ≤ 19 in the following corollary.
Corollary 1.
If k = 18, 22, or 26, then
If k = 12 or 22, then
Remark 3. Ken Ono pointed out to the author that an alternative way to obtain these congruences is to make use of [1, Corollary 4] . For example, the congruence (10) remains true for any n ≥ 1, namely
not just for n = p, prime. This follows from identities [5, (1.9 ) and (1.10)], which are specializations of the above cited result, combined with ∆ = (E In fact, not only congruences, but also some identities are available. We avoid general considerations, but provide a result in the special case k = 12. We return back to the classical notations τ (n) = τ 12 (n), and note that the right-hand side of (9) reduces to the quantity
Theorem 3. The following relations hold:
One may obtain exact formulas for τ (p) and modulo 691 Ramanujan congruences as corollaries. As another corollary, we obtain congruences 
Proofs
Proof of Theorem 1. Let us first show that the pairing is well defined, namely that { f, g} does not depend on the choice of a representative f of f . It is sufficient to
, and {f, g} is the constant term of the q-expansion
. However, every weakly holomorphic modular form of weight 2 is a derivative of a polynomial in j, and therefore its constant term is zero. Recall that
) for a positive integer h and u = 0. We claim that the class represented by f in S k contains an element with h ≤ t. Indeed, assume that f is chosen in such a way that h is minimal. If h > t, then E 12h−k+2 ∈ M 12h−k+2 is defined by (6) , and g = E 12h−k+2 /∆ h belongs to
is a representative of the same class in S k as f . This contradiction to our choice of f proves the inequality dim S k ≤ t, since any element of S k which has no principal part in the q-expansion belongs to S k . Note that for any h > 0, there
, which is impossible since the latter space is empty because 12t − k + 2 < 0. This proves the equality dim S k = dim S k . The fact that the pairing is non-degenerate follows at once from the above dioganalization procedure and a similar result about S k (see, e.g., [8, Chapter X, Theorem 4.4]). The fact that the pairing is Hecke-equivariant follows from (2) . The existence of a basis of S k which consists of Hecke eigenforms and the claim about their eigenvalues now follow in a standard way from linear algebra. weakly holomorphic modular form g ∈ M −k+2 . Taking into account (2), we compute (easily since p > t) the principal part of T p f * n , and conclude that there exists g ∈ M −k+2 with a q-expansion
Proof of Theorems
for some a ∈ C. In the special case when k = 12, we have t = 1, and
We now determine the constant terms a of these q-expansions. The product gE k is a weakly holomorphic modular form of weight 2, therefore it must be a derivative of a polynomial in j; thus its constant term is zero. It follows that The product gE k−2 is a weakly holomorphic modular form of weight zero, therefore, it is a polynomial in j. Put Ψ(j) = gE k−2 . For such a polynomial, the principal part of its q-expansion allows us to write the polynomial as a linear combination in φ m . Namely, Since E 10 (ω) = E 10 (i) = 0, and g is holomorphic on the upper half-plane, gE 10 (ω) = gE 10 (i) = 0, we obtain the identities claimed in Theorem 3 making use of (5). A more general argument which finishes the proof of Theorem 2 will be similar to this one, because the values j(i) and j(ω) are supersingular j-invariants at l = 11.
